
Missing values
Evaluate the nature and the distribution 
of the gaps, to see whether a remedy 

must be applied before further analysis.



How do you deal with 
missing values?

¥How bad is the problem?  

¥How many are there?

¥How are they distributed?

¥How are they correlated?

¥How do you Þx the problem?

¥Discard variables or case

¥Imputation



Types of missingness

¥MCAR: probability that a value is missing 
does not depend on any other observed or 
unobserved value.

¥MAR: probability that a value is missing 
depends only on the observed variables.

¥MNAR: the reason for missing values 
depends on some unseen or unobserved 
information - very difÞcult analysis.
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3.2 Exploring missingness 49

Case X 1 X 2 X 3 X 4 X 5

1 NA 20 1.8 6.4 ! 0.8
2 0.3 NA 1.6 5.3 ! 0.5
3 0.2 23 1.4 6.0 NA
4 0.5 21 1.5 NA ! 0.3
5 0.1 21 NA 6.4 ! 0.5
6 0.4 22 1.6 5.6 ! 0.8
7 0.3 19 1.3 5.9 ! 0.4
8 0.5 20 1.5 6.1 ! 0.3
9 0.3 22 1.6 6.3 ! 0.5

10 0.4 21 1.4 5.9 ! 0.2

Even though only 10% of the numbers in the table are missing, 100%of the
variables have missing values, and so do 50% of the cases.A complete case
analysis would useonly half the data.

Graphical methods can help to determine the appropriate classiÞcationof
the missing structure as MCAR, MAR or MNAR, and this is described in
Sect. 3.2. Section 3.3 describeshow the classiÞcationcan be re-assessedwhen
imputed valuesare checked for consistencywith the data distribution.

3.2 Expl or ing mi ssingness

One of our Þrst tasks is to explore the distribution of the missing values,
seekingto understand the nature of ÒmissingnessÓin the data. Do the missing
valuesappear to occur randomly, or do we detect a relationship betweenthe
missingvalueson onevariable and the recordedvaluesfor someother variables
in the data? If the distri bution of missings is not random, thi s will weaken
our abilit y to infer structure among the variables of interest. It will be shown
later in the chapter that visualization is helpful in searching for the answer to
this question.

3.2.1 Shadow matri x

As a Þrst step in exploring the distribution of the missing values,consider
the following matrix, which correspondsto the data matrix above and hasthe
samedimensions:

Missing:
10% of the numbers 

100% of variables 
50% of samples

How many? 
How distributed?
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50 3 Missing Values

Case X 1 X 2 X 3 X 4 X 5

1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 1
4 0 0 0 1 0
5 0 0 1 0 0
6 0 0 0 0 0
7 0 0 0 0 0
8 0 0 0 0 0
9 0 0 0 0 0

10 0 0 0 0 0

In this binary matrix, 1 represents a missing value and 0 a recordedvalue.
It is easierto seethe positions of the missingvaluesin this simple versionand
to consider their distribution apart from the data values.We like to call this
the Òshadow matrix.Ó

Sometimesthere are multiple categoriesof missingness,in which casethis
matrix would not simply be binary. For example, supposewe wereconducting
a longitudinal study in which weaskedthe samequestionsof the samesubjects
over several years.In that case, the missingvaluesmatrix might include three
values: 0 could indicate an answered question, 1 that a survey respondent
failed to answer a question, and 2 that a respondent died before the study
was completed.

As an example for working with missing values, we use a small subset of
the TAO data: all casesrecordedfor Þve locations (latitude 0! with longitudes
110! W and 95! W, 2! S with 110! W and 95! W, and 5! S with 95! W) and
two time periods (November to January 1997, an El Ni÷no event, and for
comparison, the period from November to January 1993, when conditions
were considered normal). Load the data into R and GGobi to investigate
missingness:

> library(norm)
> library(rggobi)
> d.tao <- read.csv("tao.csv", row.names=1)
> d.tao.93 <- as.matrix(subset(
d.tao,year==1993,select=sea.surface.temp:vwind))

> d.tao.97 <- as.matrix(subset(
d.tao,year==1997,select=sea.surface.temp:vwind))

> d.tao.nm.93 <- prelim.norm(d.tao.93)
> d.tao.nm.93$nmis
sea.surface.temp air.temp humidity

3 4 93
uwind vwind

0 0
> d.tao.nm.97 <- prelim.norm(d.tao.97)
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3.2 Exploring missingness 49

Case X 1 X 2 X 3 X 4 X 5

1 NA 20 1.8 6.4 ! 0.8
2 0.3 NA 1.6 5.3 ! 0.5
3 0.2 23 1.4 6.0 NA
4 0.5 21 1.5 NA ! 0.3
5 0.1 21 NA 6.4 ! 0.5
6 0.4 22 1.6 5.6 ! 0.8
7 0.3 19 1.3 5.9 ! 0.4
8 0.5 20 1.5 6.1 ! 0.3
9 0.3 22 1.6 6.3 ! 0.5

10 0.4 21 1.4 5.9 ! 0.2

Even though only 10% of the numbers in the table are missing, 100%of the
variables have missing values, and so do 50% of the cases.A complete case
analysis would useonly half the data.

Graphical methods can help to determine the appropriate classiÞcationof
the missing structure as MCAR, MAR or MNAR, and this is described in
Sect. 3.2. Section 3.3 describeshow the classiÞcationcan be re-assessedwhen
imputed valuesare checked for consistencywith the data distribution.

3.2 Expl or ing mi ssingness

One of our Þrst tasks is to explore the distribution of the missing values,
seekingto understand the nature of ÒmissingnessÓin the data. Do the missing
valuesappear to occur randomly, or do we detect a relationship betweenthe
missingvalueson onevariable and the recordedvaluesfor someother variables
in the data? If the distri bution of missings is not random, thi s will weaken
our abilit y to infer structure among the variables of interest. It will be shown
later in the chapter that visualization is helpful in searching for the answer to
this question.

3.2.1 Shadow matri x

As a Þrst step in exploring the distribution of the missing values,consider
the following matrix, which correspondsto the data matrix above and hasthe
samedimensions:



Example
Tropical Atmosphere-Ocean Array

Number of cases: 736
Number of variables: 8

Sea Surface Temp, Air Temp, Humidity, 
UWind, VWind  + Year, Lat Long
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3.2 Exploring missingness 51

> d.tao.nm.97$nmis
sea.surface.temp air.temp humidity

0 77 0
uwind vwind

0 0

There are 736 data points, and we Þnd missing valueson three of the Þve
variables (Table 3.1).

Table 3.1. Missing values on each variable

Variable Number of
missing values

1993 1997

seasurfacetemp 3 0
air temp 4 77
humidity 93 0
uwind 0 0
vwind 0 0

We are also interested in tabulating missingsby case:

> d.tao.nm.93$r
[,1] [,2] [,3] [,4] [,5]

274 1 1 1 1 1
1 0 0 1 1 1
90 1 1 0 1 1
1 1 0 0 1 1
2 0 0 0 1 1

> d.tao.nm.97$r
[,1] [,2] [,3] [,4] [,5]

291 1 1 1 1 1
77 1 0 1 1 1

From Table 3.2, we can seethat most caseshave no missing values(74.5% in
1993,79.1%in 1997), and lessthan a quarter of caseshave one missing value
(24.5% in 1993,20.9%in 1997). In 1993two casesare missing two valuesand
two caseshave missing valueson three of the Þve variables, seasurfacetemp,
air temp and humidity.

To study the missingnessgraphically, load the data and set up the colors
and glyphs to reßect the year, which corresponds to two different climate
conditions.

> gd <- ggobi(d.tao)[1]
> glyph_color(gd) <- ifelse(gd[,1]==1993,5,1)
> glyph_type(gd) <- ifelse(gd[,1]==1993,6,4)
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52 3 Missing Values

Table 3.2. Distribution of the number of missing values on a case.

No. of missings 1993 1997
on a case No. of cases % No. of cases %

3 2 0.5 0 0
2 2 0.5 0 0
1 90 24.5 77 20.9
0 274 74.5 291 79.1

3.2.2 Getting started: missings in the ÒmarginsÓ

The simplest approach to drawing scatterplots of variableswith missingvalues
is to assign to the missings someÞxed value outside the range of the data,
and then to draw them as ordinary data points at this unusual location. It is
a bit like drawing them in the margins, which is an approach favored in other
visualization software. In Fig. 3.1, the three variables with missing values
are shown. The missings have been replaced with a value 10% lower than
the minimum data value for each variable. In each plot, missing valuesin the
horizontal or vertical variable arerepresented aspoints lying alonga vertical or
horizontal line, respectively. A point that is missingon both variablesappears
as a point in the lower left corner; if multiple points are missing on both, this
point is simply over-plotted.
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Fig. 3.1. Assigning constants to missing values. In this pair of scatterplots, we
have assignedto each missing value a Þxed value 10% below the variable minimum,
so the ÒmissingsÓfall along vertical and horizontal lines to the left and below the
point scatter. The green solid circles (the cluster that has lower values of air temp)
represent data recorded in 1993; the purple open circles show the 1997 data.

1993 Normal 1997 El Nino
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52 3 Missing Values

Table 3.2. Distribution of the number of missing values on a case.

No. of missings 1993 1997
on a case No. of cases % No. of cases %

3 2 0.5 0 0
2 2 0.5 0 0
1 90 24.5 77 20.9
0 274 74.5 291 79.1

3.2.2 Getting started: missings in the ÒmarginsÓ

The simplest approach to drawing scatterplots of variableswith missingvalues
is to assign to the missings someÞxed value outside the range of the data,
and then to draw them as ordinary data points at this unusual location. It is
a bit like drawing them in the margins, which is an approach favored in other
visualization software. In Fig. 3.1, the three variables with missing values
are shown. The missings have been replaced with a value 10% lower than
the minimum data value for each variable. In each plot, missing valuesin the
horizontal or vertical variable arerepresented aspoints lying alonga vertical or
horizontal line, respectively. A point that is missingon both variablesappears
as a point in the lower left corner; if multiple points are missing on both, this
point is simply over-plotted.
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Fig. 3.1. Assigning constants to missing values. In this pair of scatterplots, we
have assigned to each missing value a fixed value 10% below the variable minimum,
so the “missings” fall along vertical and horizontal lines to the left and below the
point scatter. The green solid circles (the cluster that has lower values of air temp)
represent data recorded in 1993; the purple open circles show the 1997 data.

Correlation between 
temperatures. Years 
separated. More 
missings on air temp 
than sea surface temp.

Missings on humidity 
only occur in 1997.



Limitation Missings look like 
clusters in high-d plots



Tracking missings using 
the shadow matrix
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56 3 Missing Values

Becauseof this correlation, we need to investigate imputation methods.
As we replace the missingswith imputed values, though, we do not want to
lose track of their locations. We want to use visualization to help us assess
imputation methods as we try them, making sure that the imputed values
have nearly the samedistribution as the rest of the data.
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Fig. 3.4. Exploring missingnessin the TAO data. The ÒmissingsÓplot (left) for air
temp vs. humidity is a jittered scatterplot of zeroes and ones, where one indicates
a missing value. The points that are missing only on air temp have been brushed
in orange. In a scatterplot of vwind vs. uwind (righ t) , those same missings are
highligh ted. There are no missings for the very lowest values of uwind.

3.3.1 Mean values

The most rudimentary imputation method is to usethe variable meanto Þll in
the missing values.In the middle row of plots in Fig. 3.5, we have substituted
the meanvaluesfor missingvalues on seasurfacetemp, air temp, and humidity.
Even without highlighting the imputed values, some vertical and horizontal
lines are visible in the scatterplots. This result is common for any imputation
scheme that relies on constants. Another consequenceis that the varianceÐ
covariance of the data will be reduced,especially if there are a lot of missing
values.

3.3.2 Random values

It is clear that a random imputation method is neededto better distribute the
replacements. The simplest method is to Þll in the missing values with some
value selectedrandomly from among the recordedvaluesfor that variable. In
the bottom row of plots in Fig. 3.5, we have substit uted random values for

Missings on air temp have higher 
values on uwind than non-missings.



Missing Structure

Missing values 
are N OT MCAR!

Imputation will need to use 
dependence of missing and not missing.
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Fig. 3.5. Comparison of simple, widely used imputation schemes. Missings in the
margin, as in Fig. 3.1 (T op ro w) . Missing values have been replaced with variable
means,conditional on year, producing vertical and horizontal strip es in each cluster
(Middle ro w) . Missing values have been Þlled in by randomly selecting from the
recorded values, conditional on year (Bottom ro w) . The imputed valuesare a littl e
more varied than the recorded data.
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Fig. 3.5. Comparison of simple, widely used imputation schemes. Missings in the
margin, as in Fig. 3.1 (Top row). Missing values have been replaced with variable
means,conditional on year, producing vertical and horizontal strip es in each cluster
(Middle row). Missing values have been Þlled in by randomly selecting from the
recorded values, conditional on year (Bottom row). The imputed valuesare a littl e
more varied than the recorded data.
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Fig. 3.5. Comparison of simple, widely used imputation schemes. Missings in the
margin, as in Fig. 3.1 (Top row). Missing values have been replaced with variable
means,conditional on year, producing vertical and horizontal strip es in each cluster
(Middle row). Missing values have been Þlled in by randomly selecting from the
recorded values, conditional on year (Bottom row). The imputed valuesare a littl e
more varied than the recorded data.
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58 3 Missing Values

missing values on seasurfacetemp, air temp, and humidity. The match with
the data is much better than when mean values were used: It is di! cult to
distinguish imputed valuesfrom recordeddata! However, taking random val-
uesignoresany association betweenvariables,which results in more variation
in values than occurs with the recorded data. If you have a keen eye, you
can seethat in these plots. It is especially visible in the plot of seasurface
temp and air temp, for the 1997values (in purple): They are more spread,less
correlated than the complete data.

The imputed values can be identiÞed using linked brushing between the
missings plot and the plot of seasurfacetemp vs. air temp (Fig. 3.6). Here
the values missing on air temp have been brushed (orange rectangles) in the
missingsplot (left), and we can seethe larger spreadof the imputed valuesin
the plot at right.
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Fig. 3.6. Conditional random imputation. Missing valueson all variables have been
Þlled in using random imputation, conditioning on drawing symbol. The imputed
values for air temp show lesscorrelation with seasurfacetemp than do the recorded
values.

3.3.3 Multiple im putation

A more sophisticated approach to imputation is to sample from a statistical
distribution, which may better reßect the variabilit y in the observed data.
Common approachesuseregression models or simulation from a multiv ariate
distribution.

To use regression,a linear model is constructed for each of the variables
containing missings,with that variable asthe response, and the completedata
variables asexplanatory variables. The distribution of the residualsis usedto
simulate an error component, which is added to the predicted value for each
missing, yielding an imputed value. Many models may be required to impute

Imputed values  which 
disappeared can be 

revealed by brushing on 
the shadow matrix.



Multiple imputation
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60 3 Missing Values

> gd[,"sea.surface.temp"] <- c(
d.tao.impute.97[,"sea.surface.temp"],
d.tao.impute.93[,"sea.surface.temp"])

> gd[,"air.temp"] = c(
d.tao.impute.97[,"air.temp"],
d.tao.impute.93[,"air.temp"])

> gd[,"humidity"] = c(
d.tao.impute.97[,"humidity"],
d.tao.impute.93[,"humidity"])
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Fig. 3.7. Two di! erent imputations using simulation from a multiv ariate normal
distribution of all missing values. In the scatterplot of air temp vs. seasurfacetemp
the imputed values may have di! erent means than the complete cases:higher sea
surfacetemp and lower air temp. The imputed values of humidity look quite reason-
able.

> rngseed(1234567) 
> theta.93 <- em.norm( 
  d.tao.nm.93, 
  showits=TRUE)
> d.tao.impute.93 <-
  imp.norm(d.tao.nm.93,  
  theta.93, d.tao.93)



Conclusions

¥Used the same plots for exploratory 
visualisation and to diagnose imputations

¥Used both analytic and visual methods 
throughout



Timeline
20 mins Toolbox

30 mins Missing values

45 mins
Supervised 

ClassiÞcation

45 mins
Unsupervised 
ClassiÞcation

30 mins Inference

Break



Your turn

Describe the distribution of the 
wind and temperature variables 
conditional on the distribution of 
missing values in humidity, using 
brushing and the tour.


