
Cluster Analysis
Organize observations into similar groups



Outline

¥Visual clustering

¥Algorithmic clustering

¥Hierarchical clustering

¥Self-organising maps



Graphical clustering

How many clusters are cluster-unknown.csv?

Use brush and spin to identify them



Spin and 
brush

ÒbookÓ
2007/7/19
page109

!

!

!

!

!

!

!

!

5.2 Purely graphics 109

Initial projection...

!

! !

!

!!

!

!

!

!

!

!

!

!

!
!

!
!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!!

!

!

!!

!

!

!

!

!

!

!

!

!
!

!

!

!!

!

!

!

!

!
!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!

!

!

!

! !

!

!

!

!

!

!

!

!
!

!

!

!

!
!

!
!!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!
! !

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!!

!

!!

!

!

!

!

!

!

!

!
!

! !

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!

!

!

!!

!
!

! !
!

!

!

!

!!

!

!

!
! !

!

!

!

!

!

!

!

!

!

!

! !

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!
!

!

!

!

!!

!

!

! !

!

!!

!

!

!!
!

!

!!

!

!

!

!

!
!

!!

!

!

!

!

!

!

!

!

!
!

!!

!

!

!
!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

! !
!

!

!

!

!

!

!

!

!

!
!

!

! !

!!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

! !

!

!

!

!

!
!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!!

!

!

!

!

!

!

!

!
!

!

!

!

! !

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!

!!

!

!
!

!

!
!

!

PC1

PC2

Spin,Stop,Brush,...

!

!!

!
!

!

!

!

!

!

!

!

!
!

!! !!! !!

!

!

!

!

!
!

!

!

!!!

!!

!

!

!

!

!

!

!

!

!

!

!

!!!

!
!

!

!

!
! !
!

!!

!

!!
!
!

!

!
!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!!
!

!

!

!

!
! !

!

!

!

!
!

!

!

!

!

!

!!
!! !

!

!

!
!

!

!

!

!

!
!

!

!!!!

!

!

!

!!

!

!
!

!

!

!
!!

!

!

!

!

!

!

!

!

!

!

!
!

!

!
!

!
!

!

!
! !

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!
!

!

!

!

!

!

!
!

!

!

!

!

!
!

!
!

!

!
!!

!

!!

!

! !! !
! !

!

!

!

!

!

!

!

!
!

!
!

!

!

!

!

!!

!

! !
!

!

!
!

!

!

! !!

!

!
!

!
!
!

!
!

!

!!
!!

!

!

!
!

! !

!!

!
!

!!

!

! !

!

!

!

!

!

!

!

!

!
!
!

!! !

!

!

!

!

!

!

!

!

! !

!

!

!

!
!

!
!

!

!

!
!

!

!

!

!

!

!
!

!
!

!

!
!

!

!

!

!

!

!
!

!

!!

!
!

!

!

!

! !!
!

!

!

!
!!

!

!

!
!!

!

!

!

!
!

!

!

!

!!

!
!!

!

!

!
!

!

!
!

!
!!

!

!

!

!

!

!

!
!

!

!!
!

!! !

! !

!
!

!
! !

!
!

!

!

!

!

!

!
!!

!

!

!
!!!

!! !

!

!

!

!

!
!!

!

!
!

!

!

!
!!

!

!!

!
! !!

!

!

!!

!

!!
!

!

!
!

!

!!
!

!
!

!

!

!

!

!! !!!

!

!

!

!

!
!

! !
!

!

!
!

!

!

!

!

!!

!

!

!

!
!
!

!

!!

!

!

!

!
! !

!
!

!

!

!

!

! !

!

!
!

PC2

PC3

PC4

PC5

PC6

PC7

Brush,Brush,Spin...

!

!!

!
!

!

!

!

!

!

!

!

!
!

!! !!! !!

!

!

!

!

!
!

!

!

!!!

!!

!

!

!

!

!

!

!

!

!

!

!

!!!

!
!

!

!

!
! !
!

!!

!

!!
!
!

!

!
!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!!
!

!

!

!

!
! !

!

!

!

!
!

!

!

!

!

!

!!
!! !

!

!

!
!

!

!

!

!

!
!

!

!!!!

!

!

!

!!

!

!
!

!

!

!
!!

!

!

!

!

!

!

!

!

!

!

!
!

!

!
!

!
!

!

!
! !

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!
!

!

!

!

!

!

!
!

!

!

!

!

!
!

!
!

!

!
!!

!

!!

!

! !! !
! !

!

!

!

!

!

!

!

!
!

!
!

!

!

!

!

!!

!

! !
!

!

!
!

!

!

! !!

!

!
!

!
!
!

!
!

!

!!
!!

!

!

!
!

! !

!!

!
!

!!

!

! !

!

!

!

!

!

!

!

!

!
!
!

!! !

!

!

!

!

!

!

!

!

! !

!

!

!

!
!

!
!

!

!

!
!

!

!

!

!

!

!
!

!
!

!

!
!

!

!

!

!

!

!
!

!

!!

!
!

!

!

!

! !!
!

!

!

!
!!

!

!

!
!!

!

!

!

!
!

!

!

!

!!

!
!!

!

!

!
!

!

!
!

!
!!

!

!

!

!

!

!

!
!

!

!!
!

!! !

! !

!
!

!
! !

!
!

!

!

!

!

!

!
!!

!

!

!
!!!

!! !

!

!

!

!

!
!!

!

!
!

!

!

!
!!

!

!!

!
! !!

!

!

!!

!

!!
!

!

!
!

!

!!
!

!
!

!

!

!

!

!! !!!

!

!

!

!

!
!

! !
!

!

!
!

!

!

!

!

!!

!

!

!

!
!
!

!

!!

!

!

!

!
! !

!
!

!

!

!

!

! !

!

!
!

PC2

PC3

PC4

PC5

PC6

PC7

...Brush...

!
!

!
!

!

! !!
!!

!
!!

!
!

!!

! !!

!

! !!

!
! !

!

!

! !

!

!!
!

!
!

! !!

!

!!
!

!
!

! !
!

!
!

!!

!
!

!
!

!

!
!

!
!

!

!

! !
!!

!
!

!

!
! !

!
!

!!
!!

! !

!

!
!

!

!
!

! !

!
! !!!

!!

!

!

! !

! !

!! !

!

!

!!

!
!

!

!

!

!

!!
! !

!! ! !!

!

!

! ! !
!

!

!!

!

!

!
!
!

!
! !

!

!!

!

!

!!
!! !

!

!

!

!

! ! !
!

!

!
!

!

!

!

!!
!

!

!

!

!
!

!

!
!

!
! !

! !!!!

!! !
!

!
!

!!
!

!

!
!

!
!

!

!

!

!
!

!! ! !
!!

! !

!

!

!

!

!
!

!
! !

!

!
! !!

!
!

!!! !!
!

!
!

!
! !! !

!
!!

!
!

!
!

!

!

!
!

!!

!
!

! !
!

!
! !

!

!

!

!
!

!
!!

!

!

!

!

!

!

!

!
! !! !

!

!!
!

!

!! !
!!

!!
!

!
!

!
!

! !
!
!!

!

!
!

!
! !

! !
!!

!! !! !
!

!
! !

!
!

!
!

!! !!!

!

!
!

! !
!

!
!

!

!

!
!

!
! !

!

!

!

!

!

! !
!

!!

!
!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!

!

!

!

!

!
!

!

!

!

!
!

!

!

!

!

!

!

!

!
!

!
!

!

!

!

!

! !

! !

!

!

!
! ! !

!

!

!

!

!!

!

!
!

!

!

!

!

!

!

!
!

!

!
!

!

!
!

!
!

!

!

!!

! !

!

!

!

!

!
!

!

!

!

!

!!

!

!

!

!

!

!

!

!

! !!

!

!

!

!
!

!
!!

!
!

!

!

!

!

!

!

!

!

!!

PC1
PC3

PC4 PC6PC7

Hide,Brush,Spin...

!
!

! !

!

!
!

!

!

!
! !

! !

!

!

!
!

!
!

! !!
!!

!
!

!

!
! ! !!

!

! !

!
!!

!
!

!

!
!
!

!

!

!

!

!

!!

!

!

! !!
!!

!

!
!!

!
!

!!

!
! !!

!

!

! !!

!

!

!

!

! !

!

!

! !

!

!!
!

!
!

!

!

!!

!

!!
!

!
!

!

!

!

!
!

!

!
!

!!

!
!

!
!

!

!

! !

!
!

!!
!

!

!

! !
!!

!

!
!

!

!
! !

!
!

!!
!!

!

!

! !

!

!
!

!

!

!
!

! !

!
!

!

!!!
!!

!

!

!

! !

! !

!

!

! !

!

!

!!

!
!

!

!

!

!

!

!!
!

!

!

!

!

!! ! !
!!

!

!

! ! !

!

!

!

!

!

!

!
!

!

!

!
!
!

!
!

!

!

!

!
!

!!

!

!

!!
!! !

!

!

!

!

!

!

!

! ! !
!

!

! !
!

!

! !

!

!!
!

!

!

!

!

!

!
!

!
!

!
! !

! !!!!

!

!

! !!
!

!

!

!
!!
!

!

!
!

!
!

!

!

! !

!
!

!

!! ! !
!!

! !

!

!

!

!

!

!

!
!

!
! !

!

!
!

!

!
! !!

!
!

!
!

!! !!
!

!

!

!

!
!

!

!
!

!

!

! !! !
!

!

!!!

!
!

!

!

!
!

!

!

!

!

!
!

!!

!
!

! !
!

!
! !

!

!

!

!

!
!

!
!

!

!

!!

!

!

!

!

!

!

!

!

!

! !! !
!

!!
!

!

!

!

!!

!

!
!!

!

!

!

!

!
!

!

!

!
!

! !

!

!
!!

!

!
!

!

!
! !

! !
!

!
!

!! !! !
!

!

!

!

!

! !

!
!

!
!

!! !!!

!

! !

!
!

! !
!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

! !
!

!

!

!

!

!
!

!

!
!

PC1
PC3

PC4 PC6PC7

...Brush...

!
!

!!
!

!

!
!

!

!

!

!

!

!
! !!

!

!!

! !
!

!

! !
!

!

!!

!
!

!

!
!

!!

!

!
!

!

!

!
!
!

!
!

!! !

!
!!

!!

!

!

!

!

!
!

!

!
!

!!

!

!

!

!
!

!

!

!!

!

!
!!

!

!

!

!

!

!
!

!

!

!

!
!

!
!
! ! !

!

!

!

! !!!

!

!
!! !

!!

!

!

!!
! !

!

!

!

! !! !
!

!

!!

! !
! !

!
! !

!

!
!

!

!!
!!

!
!!

!
!

!

!
!

! !
! !

!

!
!

!
!

!!

!!

!

!!

! !

!
!

!

! !

!
!

!

!
!

!!
!

!

!

!!

!

!

!

!

!

!

!

!

!
!
!

!

!

!

!

!

!

!!

!

!

!!

!
!
!

!

!

!

!

!

!

!!! !
!

! !

!

!

!

!

!

!

!!

!
!

!

!
!!

!
!

!

!!
!!!
!

!

!

!!

! !

!

!
!

!

!!
!

!
!!

! !
!

!

!

!

!

!

!

!

!

!

!

!!
!

!
!!

!
! !!

!

!

!

!

!
!

!!

!

!
!

!
!! !

!

!

!!

!

!!

!!

!
!

!

!
!

!
!

!

!

!

!

!!

!

! !
!

!

!

!

!
!

!

!

!

!
!

!!

!

!
!!

!
! !

!

!

!

!

! !!
!

!

!

!

!

!

! !
!

!

!

!

! !

! !
!

!

!

!

!!

!
! !!

!

!

!

!

!
!
! !!

!

! !

!

!

!

!
!

!
!

!
!

!

!!
!!

!!!

!

!
!

!

!!!

!

!

! !!

!

!

!!!
!
!

!
!

!

!

!!
!

!!
!!
!
!

!

!

!!!

!

!

!

!

!

!

!
!!
!
!

!

!

!

!

!
!!

!

!

!!

!

!
!

!

!
!

!

!!

!

!

!

!

!

!!

!

!

!

!
!
!

!

!

!

!

! !
!

!
!

! !

PC3

PC5PC6

PC7

Connect Dots

!

!

!

!
!

!

!!

!

!!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

! !

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!
!

!

!

!

!

!

!

!

!

!
!

!

!
!

!

! !

!
!

!

!

! !

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!
! !

!

!

!

!

! !

!

!

!

! !

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!
!

!

!

!

!! ! !

!
!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

! !

!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

PC1
PC3

PC5
PC7

Show,Connect

!

! !

!

!

!

!
!!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!
!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!
!

!

!
!

!
!

!

!

!

!

!

!

!
!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!! !

!

!

!

!

!

!
!

!

!

!

!
!

!

!!!

!
! !

!

!

!

!
!

!

!

! !

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!
!

!

!
!

!
!

!
!

!

!
!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

! !

!

!

!

!

!

!

!!

!

!
!

!

!
!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!
!

!!

!

!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!

!

!

!

!

!

!

!

!
!

!

!

!
!

! !

!
!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!
!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

! !

!

!

!

!

!
!

!

!!

!

!

!

!

!

! !

!

!

!!

!

!!
!

!

!

!

!

!

!

!

!

PC1

PC2
PC3

PC4PC5

PC6

...Finished!

!

!

!!

!

!

!

!
!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!
!

!

! !

!

!!

!!

!

!

!

!
!

!
!

!

!

!
!

!

!

!

!
!

!

! !

! !

!
!!

!

!

! !
!

!
!

!
!

! !!
!

!

!

!
!

!
!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

! !

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!!
!

!

!!
!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!!

!

!

!

!

!

!

!

!

!
!

!

!!

!
!

!

!

!

!

!!
!

!

!

! !

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

! !

!

!

!

!

!

!

! !

!

!

!
!

!!
!

!

! !

!

!

!

!

!

!

!

!

!

! !

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!
!!

!

! !

!

!

!
!

!

!

!

!!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!!!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!!

!

!
!

!

!

!!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

! !!

!
!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!
!

!
!

!!

!

!!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!

!!
!

!!
!

!!

!!

!

!

!!

!!

!

!

!

!
!

!

!

!

!

!!

!

!

!

!

X3
X4X5
X6

Fig. 5.3. Stages of spin and brush on PRIM7. The high-dim ensional geometry
emergesas the clusters are painted.

The results at this stage are summarized by the bottom row of plots.
There is a very visible triangular component (in gray) revealed when all of
the colored points are hidden. We check the shape of this cluster by drawing
lines between outer points to contain the inner ones.Touring after the lines
are drawn helps to check how well they match the shape of the clusters. The
colored groups pair up at each vertex, and we draw in the shape of thesetoo
Ñ a single line matchesthe structures reasonablywell.

The Þnal step of the spin and brush clustering is to cleanup this solution,
touching up the color groups by continuing to tour, and repaintin g a point

Tour, paint a 
cluster, continue 
touring, until no 
more clusters are 
revealed.
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5.1 Background 105

had not beenfound using numerical clustering methods, and to Þnd a variety
of structures in high-dimensional space.Section 5.3 describesmethods for re-
ducing the interpoint distancematrix to an intercluster distancematrix using
hierarchical algorithms and model-basedclustering, and shows how graphical
tools are usedto assessthe results of numerical methods. Section5.5 summa-
rizesthe chapter and revisits the data analysisstrategiesusedin the examples.
A good companion to the material presented in this chapter is Venables&
Ripley (2002), which provides data and code for pract ical examplesof cluster
analysis using R. Section 5.5 summarizesthe chapter and revisits the data
analysis strategiesused in the examples.

5.1 Background

Before we can begin Þnding groups of casesthat are similar, we need
to decide on a deÞnition of similarit y. How is similarit y deÞned?Consider a
dataset with three casesand four variables, described in matrix format as

X =




X 1

X 2

X 3



 =




7.3 7.6 7.7 8.0
7.4 7.2 7.3 7.2
4.1 4.6 4.6 4.8





which is plotted in Fig. 5.2. The Euclidean distance betweentwo cases(rows
of the matrix) is deÞnedas

dEuc (X i , X j ) = ||X i − X j || i, j = 1, . . . , n,

where ||X i || =
√

X 2
i 1 + X 2

i 2 + . . . + X 2
ip . For example, the Euclidean distance

betweencases1 and 2 in the above data, is

√
(7.3− 7.4)2 + (7.6− 7.2)2 + (7.7− 7.3)2 + (8.0− 7.2)2 = 1.0.

For the three cases,the interpoint Euclidean distance matrix is

dEuc =




0.0
1.0 0.0
6.3 5.5 0.0




X 1

X 2

X 3

Cases1 and 2 are more similar to each other than they are to case3, because
the Euclideandistancebetweencases1 and 2 is much smaller than the distance
betweencases1 and 3 and betweencases2 and 3.

What is similar?
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had not beenfound using numerical clustering methods, and to Þnd a variety
of structures in high-dimensional space.Section 5.3 describesmethods for re-
ducing the interpoint distancematrix to an intercluster distancematrix using
hierarchical algorithms and model-basedclustering, and shows how graphical
tools are usedto assessthe results of numerical methods. Section5.5 summa-
rizesthe chapter and revisits the data analysisstrategiesusedin the examples.
A good companion to the material presented in this chapter is Venables&
Ripley (2002), which provides data and code for pract ical examplesof cluster
analysis using R. Section 5.5 summarizesthe chapter and revisits the data
analysis strategiesused in the examples.

5.1 Background

Before we can begin Þnding groups of casesthat are similar, we need
to decide on a deÞnition of similarit y. How is similarit y deÞned?Consider a
dataset with three casesand four variables, described in matrix format as

X =

!

"
X1

X2

X3

#

$ =

!

"
7.3 7.6 7.7 8.0
7.4 7.2 7.3 7.2
4.1 4.6 4.6 4.8

#

$

which is plotted in Fig. 5.2. The Euclidean distance betweentwo cases(rows
of the matrix) is deÞnedas

dEuc (Xi , Xj ) = ||Xi ! Xj || i, j = 1, . . . , n,

where ||Xi || =
%

X 2
i 1 + X 2

i 2 + . . . + X 2
ip . For example, the Euclidean distance

betweencases1 and 2 in the above data, is

&
(7.3 ! 7.4)2 + (7.6 ! 7.2)2 + (7.7 ! 7.3)2 + (8.0 ! 7.2)2 = 1.0.

For the three cases,the interpoint Euclidean distance matrix is

dEuc =

!

"
0.0
1.0 0.0
6.3 5.5 0.0

#

$
X1

X2

X3

Cases1 and 2 are more similar to each other than they are to case3, because
the Euclideandistancebetweencases1 and 2 is much smaller than the distance
betweencases1 and 3 and betweencases2 and 3.
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had not beenfound using numerical clustering methods, and to Þnd a variety
of structures in high-dimensional space.Section 5.3 describesmethods for re-
ducing the interpoint distancematrix to an intercluster distancematrix using
hierarchical algorithms and model-basedclustering, and shows how graphical
tools are usedto assessthe results of numerical methods. Section5.5 summa-
rizesthe chapter and revisits the data analysisstrategiesusedin the examples.
A good companion to the material presented in this chapter is Venables&
Ripley (2002), which provides data and code for pract ical examplesof cluster
analysis using R. Section 5.5 summarizesthe chapter and revisits the data
analysis strategiesused in the examples.

5.1 Background

Before we can begin Þnding groups of casesthat are similar, we need
to decide on a deÞnition of similarit y. How is similarit y deÞned?Consider a
dataset with three casesand four variables, described in matrix format as

X =

!

"
X 1

X 2

X 3

#

$ =

!

"
7.3 7.6 7.7 8.0
7.4 7.2 7.3 7.2
4.1 4.6 4.6 4.8

#

$

which is plotted in Fig. 5.2. The Euclidean distance betweentwo cases(rows
of the matrix) is deÞnedas

dEuc (X i, X j) = ||X i ! X j || i, j = 1, . . . , n,

where ||X i|| =
%

X 2
i1 + X 2

i2 + . . . + X 2
ip. For example, the Euclidean distance

betweencases1 and 2 in the above data, is

&
(7.3 ! 7.4)2 + (7.6 ! 7.2)2 + (7.7 ! 7.3)2 + (8.0 ! 7.2)2 = 1.0.

For the three cases,the interpoint Euclidean distance matrix is

dEuc =

!

"
0.0
1.0 0.0
6.3 5.5 0.0

#

$
X 1

X 2

X 3

Cases1 and 2 are more similar to each other than they are to case3, because
the Euclideandistancebetweencases1 and 2 is much smaller than the distance
betweencases1 and 3 and betweencases2 and 3.



Hierarchical clustering
> library(rggobi)
> d.prim7 <- read.csv("prim7.csv")
> d.prim7.dist <- dist(d.prim7)
> d.prim7.dend <- hclust(d.prim7.dist, method="average")
> plot(d.prim7.dend)
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Dendrogram for Hierarchical Clustering with Average Linkage
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X1 X3

X5
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X7

Fig. 5.5. Hierarchical clustering of the particle physicsdata. The dendrogram shows
the results of clustering the data using average linkage. Clusters 1, 2, and 3 carve
up the basetriangle of the data; clusters 5 and 6 divide one of the arms; and cluster
7 is a singleton.

The top three plots show, respectively, clusters 1, 2, and 3: Theseclusters
roughly divide the main triangular sectionof the data into three. The bottom
row of plots show clusters labeled 5, and 6, which lie along the linear pieces,
and cluster 7, which is a singleton cluster corresponding to an outlier in the
data.

The resultsare reasonablyeasy to interpret. Recall that the basicgeometr y
underlying this data is that there is a 2D triangle with two linear strands
extending from each vertex. The hierarchical average linkage clustering of
the particle physics data using nine clusters essentially divides the data into



> gd <- ggobi(d.prim7)[1]
> clust9 <- cutree(d.prim7.dend, k=9)
> glyph_color(gd)[clust9==1] <- 9 # highlight triangle
> glyph_color(gd)[clust9==1] <- 1 # reset color
> glyph_color(gd)[clust9==2] <- 9 # highlight cluster 2
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Fig. 5.5. Hierarchical clustering of the particle physicsdata. The dendrogram shows
the results of clustering the data using average linkage. Clusters 1, 2, and 3 carve
up the basetriangle of the data; clusters 5 and 6 divide one of the arms; and cluster
7 is a singleton.

The top three plots show, respectively, clusters 1, 2, and 3: Theseclusters
roughly divide the main triangular sectionof the data into three. The bottom
row of plots show clusters labeled 5, and 6, which lie along the linear pieces,
and cluster 7, which is a singleton cluster corresponding to an outlier in the
data.

The resultsare reasonablyeasy to interpret. Recall that the basicgeometr y
underlying this data is that there is a 2D triangle with two linear strands
extending from each vertex. The hierarchical average linkage clustering of
the particle physics data using nine clusters essentially divides the data into

Clusters 1, 2, 3 
carve up the base 
triangle.

Clusters 5, 6 divide 
an arm.

Cluster 7 is a 
singleton cluster 
containing an 
outlier.



Self-organizing maps

¥A constrained k-means algorithm. 

¥A 1D or 2D net is stretched through the 
data.  The knots in the net form the cluster 
centres, and the points closest to the knot 
are considered to belong to that cluster.

¥Net can be unwrapped and laid out ßat to 
give a visual representation of the clusters.



Music data

¥Descriptive statistics for 62 songs: 
Variance, Mean, Max, Energy & Frequency

¥32 rock (Abba, Beatles, Eels)  
27 classical (Beethoven, Mozart, Vivaldi)
3 new wave (Enya)

¥Can a computer identify the different types?
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Can you see 
the difference?

Is rock different from 
classical?



Can you see 
the difference?

Is rock different from 
classical?

Can also see the 
shape in 5d: outliers 
and non-linearity
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122 5 Cluster Analysis

points are spread evenly through the grid, with rock tracks (purple) at the
upper right, classical tracks (green) at the lower left, and new wave tracks
(the three black rectangles) in between. The tour view in the same Þgure,
however, shows the Þt to be inadequate.The net is a ßat rectangle in the 5D
spaceand has not sufficiently wrapped through the data. This is the result of
stopping the algorithm too soon, thus failing to let it convergefully.
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Fig. 5.9. Unsuccessful SOM Þt shown in a 2D map view and a tour projection.
Although the Þt looks good in the map view, the view of the Þt in the 5D data
spaceshows that the net has not sufficiently wrapped into the data: The algorithm
has not converged fully .

Figure 5.10shows our favorite Þt to the data. The data was standardized,
we useda 6! 6 net, and we ran the SOM algorithm for 1,000 iterations. The
map is at the top left, and it matches the map already shown in Fig. 5.8,
except for the small jittering of points in the earlier Þgure. The other three
plots show different projections from the grand tour. The upper right plot
shows how the net curveswith the nonlinear dependencyin the data: The net
is warped in somedirections to Þt the variance pattern. At the bottom right
we seethat one side of the net collects a long separatedcluster of the Abba
tracks. We can also seethat the net has not been str etched out to the full
extent of the rangeof the data. It is tempting to manually manipulate the net
to stretch it in different directions and update the Þt.

It turns out that the PCA view of the data more accurately reßects the
structure in the data than the map view. The music piecesreally are clumped
together in the 5D space,and there are a few outliers.

5.3.4 Comparing metho ds

To compare the results of two methods we commonly compute a confusion
table. For example, Table 5.1 is the confusion table for Þve-cluster solutions

First attempt at model Þtting doesnÕt work. Model 
appears to be unÞnished, ßat in the data space 
rather than wrapped into the points.
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Fig. 5.10. SuccessfulSOM Þt shown in a 2D map view and tour projections. Here
we seea more successfulSOM Þt, using standardized data. The net wraps through
the nonlinear dependenciesin the data, but some outlie rs remain.

for the Music data from k-meansand WardÕslinkage hierarchical clustering,
generatedby:

> d.music.dist <- dist(subset(d.music.std,
select=c(lvar:lfreq)))

> d.music.hc <- hclust(d.music.dist, method="ward")
> cl5 <- cutree(d.music.hc,5)
> d.music.km <- kmeans(subset(d.music.std,

select=c(lvar:lfreq)), 5)
> table(d.music.km$cluster, cl5)
> d.music.clustcompare <-

cbind(d.music.std,cl5,d.music.km$cluster)
> names(d.music.clustcompare)[8] <- "Wards"
> names(d.music.clustcompare)[9] <- "km"
> gd <- ggobi(d.music.clustcompare)[1]

Next attempt 
looks better.

Problem was 
solved by 
increasing the 
number of 
iterations used.



Deciding on a solution
¥One part in coming to a decision about the 

best solution is to compare the results from 
different methods.

¥This can be done using a confusion table.
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124 5 Cluster Analysis

The numerical labels of clusters are arbitrary, so these can be rearranged to
better digest the table. There is a lot of agreement between the two methods:
Both methods agree on the cluster for 48 tracks out of 62, or 77% of the time.
We want to explore the data space to see where the agreement occurs and
where the two methods disagree.

Table 5.1. Tables showing the agreement between two Þve-cluster solutions for the
Music data, showing a lot of agreement betweenk-meansand WardÕslinkagehierar-
chical clustering. The rows have been rearranged to make the table more readable.

WardÕs
k-means 1 2 3 4 5

1 0 0 3 0 14
2 0 0 1 0 0
3 0 9 5 0 0
4 8 2 1 0 0
5 0 0 3 16 0

Rearrange rows !

WardÕs
k-means 1 2 3 4 5

4 8 2 1 0 0
3 0 9 5 0 0
2 0 0 1 0 0
5 0 0 3 16 0
1 0 0 3 0 14

In Fig. 5.11, we link jittered plots of the confusion table for the two clus-
tering methods with 2D tour plots of the data. The first column contains two
jittered plots of the confusion table. In the top row of the figure, we have high-
lighted a group of 14 points that both methods agree form a cluster, painting
them as orange triangles. From the plot at the right, we see that this clus-
ter is a closely grouped set of points in the data space. From the tour axes
we see that lvar has the largest axis pointing in the direction of the cluster
separation, which suggests that music pieces in this cluster are characterized
by high values on lvar (variable 3 in the data); that is, they have large vari-
ance in frequency. By further investigating which tracks are in this cluster,
we can learn that it consists of a mix of tracks by the Beatles (“Penny Lane,”
“Help,” “Yellow Submarine,” ...) and the Eels (“Saturday Morning,” “Love
of the Loveless,” ...).

In the bottom row of the figure, we have highlighted a second group of
tracks that were clustered together by both methods, painting them again
using orange triangles. In the plot to the right, we see that this cluster is
closely grouped in the data space. Despite that, this cluster is a bit more
difficult to characterize. It is oriented mostly in the negative direction of lave
(variable 4), so it would have smaller values on this variable. But this vertical
direction in the plot also has large contributions from variables 3 (lvar) and 7
(lfreq). If you label these eight points on your own, you will see that they are
all Abba songs (“Dancing Queen,” “Waterloo,” “Mamma Mia,” ...).

We have explored two groups of tracks where the methods agree. In a
similar fashion, we could also explore the tracks where the methods disagree.

Agree on 48/62 cases = 77% 



...and graphically
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Fig. 5.11. Comparing two Þve-cluster models of the Music data using confusion
tables link ed to tour plots. In the confusion tables, k-means cluster identiÞers for
each plot are plotted against WardÕslinkage hierarchical clustering ids. (The values
have beenjitte red.) Two di! erent areasof agreement have beenhighlighted, and the
tour projections show the tigh tness of each cluster where the methods agree.

5.4 Char acter izing cluster s

The Þnal step in a cluster analysis is to characterize the clusters.Actually , we
have engagedin cluster characterization throughout the examples, because
it is an intr insic part of assessingthe results of any cluster analysis. If we
cannot detect any numerical or qualitativ e di! erencesbetweenclusters, then
our analysis was not successful,and we start over with a di! erent distance
metric or algorithm.

However, oncewe are satisÞedthat we have found a set of clustersthat can
be di! erentiated from one another, we want to describe them more formally,
both quantitativ ely and qualitativ ely. We characterize them quantitativ ely by
computing such statistics as cluster meansand standard deviations for each
variable. We can look at theseresults in tables and in plots, and we can reÞne

Two different areas 
of agreement have 
been highlighted, and 
the tour projections 
show the tightness of 
each cluster where 
the methods agree.



Your turn

Run hierarchical clustering with average linkage on the Flea 
Beetles data (excluding species).

¥ Cut the tree at three clusters and append a cluster id to the 
dataset. 

¥ How well do the clusters correspond to the species? (Plot 
cluster id vs species} and use jittering if necessary.)

¥ Using brushing in a plot of cluster id linked to a tour plot of 
the six variables, examine the beetles that are misclassiÞed.

¥ Now cut the tree at four clusters, and repeat the last part.

¥ Which is the better solution, three or four clusters? Why?



Timeline
20 mins Toolbox

30 mins Missing values

45 mins
Supervised 

ClassiÞcation

45 mins
Unsupervised 
ClassiÞcation

30 mins Inference

Break


